The digraphs considered here are orientations of simple graphs; they have no loops, multiple arcs or 2-circuits. A tournament is an orientation of a complete graph, an oriented tree an orientation of a tree. In the early seventies, D. Sumner (see [8] ) made the following conjecture:
Median Orders
A median order of a digraph D = (V, E) is a linear order (v 1 , v 2 , . . . , v n ) of V which maximizes |{(v i , v j ) ∈ E : i < j}|. As noted by Havet and Thomassé [4] , if M := (v 1 , v 2 , . . . , v n ) is a median order of D:
• for every interval
Let A and D be digraphs, and let M :
We shall make use of the following basic proposition, implicit in Havet and Thomassé [4] .
Proposition 1 Let T be a tournament on at least three vertices, and let M := (v 1 , v 2 , . . . , v n ) be a median order of T . Set T := T [{v 1 , v 2 , . . . , v n−2 }] and M := (v 1 , v 2 , . . . , v n−2 ). Let A be a digraph with a leaf (x, y). Suppose that A := A − y has an M -embedding f in T . Then A has an M -embedding f in T which extends f .
Because M is a median order of T and T is a tournament,
It is readily checked that f is an M -embedding of A in T .
A digraph A is m-embeddable if A has an M -embedding in T for every tournament T on m vertices and every median order M of T . A rooted oriented tree is an oriented tree in which one vertex is specified as its root. A branching (or arborescence) is a rooted oriented tree in which either every vertex has indegree one, except for the root, which has indegree zero (an outbranching) or every vertex has outdegree one, except for the root, which has outdegree zero (an inbranching). An immediate consequence of Proposition 1 is that branchings satisfy Conjecture 1 (Havet and Thomassé [4] ).
Corollary 1 Every branching on n ≥ 2 vertices is (2n − 2)-embeddable.
Well-Rooted Trees
Let A be a rooted oriented tree. If the root is a source, we shall say that A is well-rooted. The level of a vertex v of A is its distance from the root in the underlying (undirected) tree of A. An arc (x, y) of A is a forward arc if the level of y is greater than the level of x, and a backward arc otherwise. We Proof We proceed by induction on c(A), the case c(A) = 0 being Corollary 1. Let A be a well-rooted oriented tree on n ≥ 2 vertices, with root r and c(A) ≥ 1. We set b := b(A) and c := c(A). If A has a leaf (x, y) which is a forward arc, we simply delete y and apply Proposition 1. So we may assume that every leaf of A is a backward arc.
Let T be a tournament on 2n + 2d vertices, and let M := (v 1 , v 2 , . . . , v 2n+2d ) be a median order of T . We must show that A has an M -embedding f in T . Let B be a backward component of A containing a leaf of A. Denote its root by y. Observe that y = r because r is a source of A, by assumption. Let x be the parent of y in A. Denote by A the oriented tree obtained from A by adding 2m − 2 forward arcs with tail x, and by S the set of 2m − 2 new leaves. By Proposition 1, A has an M -embedding f in T extending f . The subtournament of T induced by f (S) has 2m−2 vertices, and therefore contains a copy B of the branching B , by Corollary 1. Let g : V (B ) → V (B ) be an isomorphism of B to B . The mapping f :
is an M -embedding of A in T .
Proof Let A be an oriented tree A on n ≥ 2 vertices. We may assume that A has at least as many forward arcs as backward arcs with respect to some root; if not, we consider the converse of A. We may also suppose that A is not a branching, by Corollary 1. We root A so as to minimize d(A). The root r is then necessarily a source, for if some vertex v dominated r, selecting v as root instead of r would reduce the value of d(A). Thus A is well-rooted. We now apply Theorem 1. Since b(A) ≤ (n − 1)/2 and c(A) ≥ 1, d(A) ≤ (n − 3)/2, and the result follows.
Call a rooted oriented tree path-like if every backward component is a directed path. Sumner's conjecture holds for path-like oriented trees.
Theorem 2 Every path-like oriented tree A on n ≥ 2 vertices is (2n − 2)-embeddable.
Proof The proof is essentially the same as that of Theorem 1 (and Corollary 2), the sole difference being that only m forward arcs with tail x need be added to A , instead of 2m − 2, because every tournament contains a directed Hamilton path by virtue of Rédei's theorem [5] .
We conclude by noting that Sumner's conjecture, while interesting in its own sake, is just a particular case of a much more general conjecture proposed several years later by Burr [1] .
Conjecture 2 Every oriented tree on n ≥ 2 vertices is contained in every (2n − 2)-chromatic digraph.
In stark contrast to Sumner's conjecture, very little is known regarding Burr's conjecture. In particular, a linear bound has yet to be established. Several results on the topic can be found in [1] and [7] .
